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Basics on probability theory 
and reliability design
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Typical probability distribution function 1

� Normal distribution (Gaussian dist.)

� Most widely used to represent variation of 
values in engineering field.

� Parameters in the function are only the 
average and standard deviation.

Expamples:

Distribution of 

� number of appearance of even numbers 
when playing a dice N times

� height of people

� scores in an examination

� compressive strength of concrete
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Typical probability distribution function 2

� Probability distribution function for 
Normal Distribution
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Typical probability distribution function 3

� Standard normal distribution

� Normal distribution with average=0 and σx=1
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Probability of exceedance of  X, Prob［X≦x］

X

X 1.0 1.5 2.0 2.5 3.0 4.0

Prob[X≦x] (%) 15.8 6.7 2.3 0.62 0.14 0.003
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Typical probability distribution function 4

� Log-normal distribution

� Natural logarithm of X, ln x is compatible with a 
normal distribution.

� Widely applied to a distribution of variables X with 
positive values only.
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question 1

� Assume heights of boy students in 
Tohoku Univ. are compatible with a 
normal distribution with an average of 
170cm and variation coefficient of 10%.

Evaluate the percentage of students of 
2m or taller
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Probabilistic and deterministic theory 1

� Current structural design

� “Stress S in a structure must not exceed 
resistance R”. � deterministic approach

However,

A structure which never fail due to huge 
earthquake does not exist.

� Building code assure a safety only against 
specified design load.

� How Safe against loads larger than 
specifications?

� How much is the margin to design load?
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Probabilistic and deterministic theory 2

� Reliability design

� “probability of exceedance of stress S to 
resistance R is 5%”.  

� probabilistic approach

� Limit state design

AIJ, “Guidelines for limit state design of 
buildings”, 2004.

probability of occurrence of limit state is 
designed lower than allowable value.

“limit state” is a state in which a structure 
keep its performance required in the design.

� Serviceability, repairability, safety limit state
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Limit state function and probability of failure

� Limit state function is defined by random 
variables, load S and resistance R.
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Load S Resistance R

Z＝R-S

When S＞R, structure fails.

i.e., probability of Z≦0 is failure probability, Pf

Limit state func. Z
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Limit state func. Z and reliability index β

� When both of load S and resistance R are 
probability variables, limit state function is 
also probability variable.

Z
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22

SRZ σσσ +=

� Reliability index β
Failure probability Pf is obtained by Z function.
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Average and standard deviation of difference Z 
between independent variables X and Y
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Question 2

a man is standing at the center of a simply supported 
beam shown in the figure below. The beam is made 
by steel with a 200mm by 10mm section and 4m of 

span. Young’s modulus is 2×105 N/mm2. The average 
and variation coefficient of weight of the man are  
600N and 15%, respectively.

W

2m

Section 200mm×10mm

2m
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Question 2 (cont’d)

1. Height from the floor to the beam is 
0.3m deterministically. Find reliability 
index β for landing of the beam due to 
the load.

2. Assume beam is high enough above the 
floor. Yielding strength, σy of steel is 
300 N/mm2 in an average with variation 
coefficient of 10%. Find reliability index 
β for yielding of the.
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Three levels of limit state design

� Level 3: evaluate probability of failure based on 
accurate distribution of all the uncertain parameters.

� Level 2: evaluate reliability index β based on the 
average and standard deviation of limit state 
function, Z. β is larger than target βT. 

(normal distribution is assumed.)

� Level 1: evaluate partial safety factors. Loads and 
resistances are amplified/reduced by the factors.

verify (load)≦(resistance) in design.

Procedure of design is similar with conventional 
calculation, so that relatively easy to understand to 
practitioners and engineers.

(partial safety factors methods)
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Load and resistance factors
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Below is a variation of expression with 
characteristic value of load, Sn and nominal strength  Rn
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Partial safety factor method

(resistance factor)×(resistance) ≧

(load factor)×(load)

� references

� Jun kanda, “Recommendation of Limit State Design”,  
Kenchikugijyutu, 1993.

� Masaru Hoshiya and Kiyoshi Ishii, “Reliability design 
of structures”, kajima Institute Publishing, 1986.

nn SR γφ ≥



- 6 - 

Area for standard normal probability density function 

 
 


